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Abstract

In the note, we obtain the estimates for the rate of convergence for a sequence ofq-Bernstein
polynomials{Bn,q(f )} for 0< q <1 by the modulus of continuity off, and the estimates are sharp
with respect to theorder for Lipschitz continuous functions.Wealsoget theexactordersof convergence
for a family of functionsf (x) = x�, � > 0, � �= 1, and the orders do not depend on�, unlike the
classical case.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Let q > 0. For each nonnegative integerk, theq-integer[k] and theq-factorial[k]! are
defined by

[k] :=
{

(1− qk)
/
(1− q), q �= 1

k, q = 1
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and

[k]! :=
{ [k] [k − 1] · · · [1], k�1
1, k = 0

respectively. For the integersn, k, n�k�0, theq-binomial coefficients are defined by (see
[3, p. 12])[

n

k

]
:= [n]!

[k]![n − k]! .

In 1997, Phillips proposed the followingq-Bernstein polynomialsBn,q(f, x) . For each
positive integern, andf ∈ C[0, 1], we define

Bn,q(f, x) :=
n∑

k=0

f

( [k]
[n]
)[

n

k

]
xk

n−k−1∏
s=0

(1− qsx), (1.1)

where it is agreed that an empty product denotes 1 (see [6]).Whenq = 1,Bn,q(f, x) reduce
to the well-known Bernstein polynomialsBn(f, x):

Bn(f, x) :=
n∑

k=0

f

(
k

n

)(
n

k

)
xk(1− x)n−k.

In recent years, theq-Bernstein polynomials have attracted much interest, and a great
number of interesting results related to theq-Bernstein polynomials have been obtained (see
[2,5–9]). This note is concerned with the quantitative results for the rate of convergence of
theq-Bernstein polynomials for 0< q < 1. Forf ∈ C[0, 1], t > 0, we define themodulus
of continuity�(f, t) and the second modulus of smoothness�2(f, t) as follows:

�(f ; t) := sup
|x−y| � t
x,y∈[0,1]

|f (x) − f (y)|,

�2(f, t) := sup
0<h� t

sup
x∈[0,1−2h]

|f (x + 2h) − 2f (x + h) + f (x)|.

For fixedq ∈ (0, 1), II’inskii and Ostrovska proved in [2] that for eachf ∈ C[0, 1], the
sequence{Bn,q(f, x)} converges toB∞,q(f, x) asn → ∞ uniformly for x ∈ [0, 1], where

B∞,q(f, x) :=
{∑∞

k=0 f (1− qk) xk

(1−q)k[k]!
∏∞

s=0(1− qsx), 0�x < 1,

f (1), x = 1.
(1.2)

The first author of the note gave the following quantitative result for the rate of conver-
gence of theq-Bernstein polynomials (see [9]):

‖Bn,q(f ) − B∞,q(f )‖�c �2(f,
√

qn ) (1.3)

with ‖ · ‖ the uniform norm, herec is an absolute constant. Note that whenf (x) = x2, we
have (see [9]):

‖Bn,q(f ) − B∞,q(f )‖ = sup
x∈[0,1]

qn(1− q)

1− qn
x(1− x) � qn � �2(f,

√
qn ),
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whereA(n) � B(n)means thatA(n) � B(n) andA(n) � B(n), andA(n) � B(n)means
that there exists a positive constantc independent ofn such thatA(n)�c B(n). Hence the
estimate (1.3) is sharp in the following sense: the sequence

√
qn in (1.3) cannot be replaced

by any other sequence decreasing to zero more rapidly asn → ∞.
In the caseq = 1, we have (see [1, p. 308])

‖Bn(f ) − f ‖ � �2(f, n−1/2) � �(f, n−1/2).

The above estimates are both sharp in the sense of order, and for the functionsg�(x) :=
x�, � > 0, � �= 1, we have the following estimates:

‖Bn(g�) − g�‖ �
{

n−�/2, 0 < � < 2, � �= 1
n−1, � > 2

� �2(g�, n
−1/2).

Note that the relations‖Bn(g�) − g�‖ � �(g�, n
−1/2) hold only for 0< � < 1. So in the

caseq = 1, the second modulus of smoothness is more appropriate to describe the degree
of approximation of the Bernstein polynomials than the modulus of continuity.
What about the case 0< q < 1? One may think it is similar to the caseq = 1 and

conjecture that the inequality

‖Bn,q(f ) − B∞,q(f )‖ � �(f,
√

qn )

is sharp in the sense of order. However, the above conjecture is wrong. In the note, we
obtain the estimates for the rate of convergence forq-Bernstein polynomials{Bn,q(f )} for
0 < q < 1 in terms of�(f, ·), and the estimates are sharp with respect to the order for
Lipschitz continuous functions. Our results show that in the case 0< q < 1,�(f, ·) is more
appropriate to describe the rate of convergence forq-Bernstein polynomials{Bn,q(f )} than
�2(f, ·) (see the following Remark 1), and this is different from that in the caseq = 1.We
also get the exact orders of approximation‖Bn,q(g�)−B∞,q(g�)‖, and unlike the classical
case, the orders do not depend on the index� (� > 0, � �= 1). Our main results are the
following:

Theorem 1. Letq ∈ (0, 1),and letf ∈ C[0, 1].Then

‖Bn,q(f ) − B∞,q(f )‖�Cq �(f, qn), (1.4)

whereCq = 2 + 4 ln 1
1−q

q(1−q)
. The above estimate is sharp in the following sense of order:

for each�, 0 < ��1, there exists a functionf�(x) which belongs to the Lipschitz class
Lip � := { f ∈ C[0, 1] ∣∣ �(f, t) � t� } such that

‖Bn,q(f�) − B∞,q(f�)‖ � q� n. (1.5)

Remark 1. Combining (1.4) and (1.5), for each�, 0 < ��1, we obtain

sup
f ∈ Lip �

‖Bn,q(f ) − B∞,q(f )‖ � q� n. (1.6)

Note that if we use the estimate (1.3), we can only get that

sup
f ∈ Lip �

‖Bn,q(f ) − B∞,q(f )‖ � √
q� n.
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Theorem 2. Letq ∈ (0, 1),and letg�(x) = x�, � > 0, � �= 1.Then

‖Bn,q(g�) − B∞,q(g�)‖ � qn. (1.7)

2. Proofs of Theorems 1–2

In the sequel, we always assume thatq ∈ (0, 1), n ∈ N, andf is a continuous function
on [0, 1].

Proof of Theorem 1. It followsdirectly from(1.1)and (1.2) thatBn,q(f, x)andB∞,q(f, x)

possess the end point interpolation property, in other words,

Bn,q(f, 0) = B∞,q(f, 0) = f (0), Bn,q(f, 1) = B∞,q(f, 1) = f (1). (2.1)

It was proved in [2,6] thatB∞,q(f ; x) andBn,q(f, x) reproduce linear functions, that is,

Bn,q(at + b, x) = B∞,q(at + b, x) = ax + b. (2.2)

We set

pnk(q; x):=
[

n

k

]
xk

n−k−1∏
s=0

(1− qsx), p∞k(q; x):= xk

(1− q)k[k]!
∞∏

s=0

(1− qsx).

Obviouslypnk(q; x)�0, p∞k(q; x)�0 for all x ∈ [0, 1]. It follows from (2.2) (with
a = 0, b = 1) that

n∑
k=0

pnk(q; x) =
∞∑

k=0

p∞k(q; x) = 1. (2.3)

Hence for allx ∈ (0, 1), by the definitions ofBn,q(f, x) andB∞,q(f, x), and by (2.3) we
know that

|Bn,q(f, x) − B∞,q(f, x)|

=
∣∣∣∣∣

n∑
k=0

f ([k]/[n])pnk(q; x) −
∞∑

k=0

f (1− qk)p∞k(q; x)

∣∣∣∣∣
=
∣∣∣∣∣

n∑
k=0

(f ([k]/[n]) − f (1))pnk(q; x) −
∞∑

k=0

(f (1− qk) − f (1))p∞k(q; x)

∣∣∣∣∣
�

n∑
k=1

|f ([k]/[n]) − f (1− qk)|pnk(q; x)

+
n∑

k=0

|f (1− qk) − f (1)| |pnk(q; x) − p∞k(q; x)|

+
∞∑

k=n+1

|f (1− qk) − f (1)|p∞k(q; x) =: I1 + I2 + I3. (2.4)
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First we estimateI1, I3. Since

0� [k]
[n] − (1− qk) = 1− qk

1− qn
− (1− qk) = qn(1− qk)

1− qn
�qn,

0�1− (1− qk) = qk �qn (k�n + 1),

we get

I1��(f, qn)

n∑
k=0

pnk(q; x) = �(f, qn) (2.5)

and

I3��(f, qn)

∞∑
k=n+1

p∞k(q; x)��(f, qn). (2.6)

Now we estimateI2. Using the property of modulus of continuity (see [4, p. 20])

�(f, �t)�(1+ �)�(f, t), � > 0,

we get

I2 �
n∑

k=0

�(f, qk)|pnk(q; x) − p∞k(q; x)|

�
n∑

k=0

�(f, qn)(1+ qk−n)|pnk(q; x) − p∞k(q; x)|

� 2�(f, qn)
1

qn

n∑
k=0

qk|pnk(q; x) − p∞k(q; x)| =: 2

qn
�(f, qn) · J, (2.7)

where

J :=
n∑

k=0

qk

∣∣∣∣∣
[

n

k

]
xk

n−k−1∏
s=0

(1− qsx) − xk

(1− q)k[k]!
∞∏

s=0

(1− qsx)

∣∣∣∣∣
=

n∑
k=0

qk

∣∣∣∣∣
[

n

k

]
xk

(
n−k−1∏

s=0

(1− qsx) −
∞∏

s=0

(1− qsx)

)

+xk
∞∏

s=0

(1− qsx)

([
n

k

]
− 1

(1− q)k[k]!
)∣∣∣∣∣

�
n∑

k=0

qkpnk(q; x)

∣∣∣∣∣1−
∞∏

s=n−k

(1− qsx)

∣∣∣∣∣
+

n∑
k=0

qkp∞k(q; x)

∣∣∣∣∣
n∏

s=n−k+1

(1− qs) − 1

∣∣∣∣∣ .
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Assume for a moment that the inequality

1−
∞∏

s=j

(1− qs)� qj

q(1− q)
ln

1

1− q
(j = 1,2, . . .) (2.8)

holds. Then we obtain∣∣∣∣∣1−
∞∏

s=n−k

(1− qsx)

∣∣∣∣∣ �1−
∞∏

s=n−k

(1− qs)� qn−k

q(1− q)
ln

1

1− q
,

and ∣∣∣∣∣1−
n∏

s=n−k+1

(1− qs)

∣∣∣∣∣
�1−

∞∏
s=n−k+1

(1− qs)� qn−k+1

q(1− q)
ln

1

1− q
� qn−k

q(1− q)
ln

1

1− q
.

Hence

J � qn

q(1− q)
ln

1

1− q

(
n∑

k=0

pnk(q; x)+
n∑

k=0

p∞k(q; x)

)
� 2qn

q(1− q)
ln

1

1− q
.

(2.9)

From (2.1), (2.4)–(2.7), and (2.9), we conclude that

‖Bn,q(f ) − B∞,q(f )‖�Cq�(f, qn),

whereCq = 2+ 4 ln 1
1−q

q(1−q)
.

Now we return to the inequality (2.8) left open above. We note that the inequality
1− exp(−x)�x holds for eachx ∈ [0, ∞). Then

1−
∞∏

s=j

(1− qs) = 1− exp


−

∞∑
s=j

ln
1

1− qs


 �

∞∑
s=j

ln
1

1− qs
.

From the monotonicity of the function1
x
ln 1

1−x
= ∑∞

n=0
xn

n+1, x ∈ [0, 1) we know that
for all x ∈ (0, q],

ln
1

1− x
� x

q
ln

1

1− q
.

Hence

1−
∞∏

s=j

(1− qs)�
∞∑

s=j

qs−1 ln
1

1− q
= qj

q(1− q)
ln

1

1− q
.
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At last we show that the estimate (1.4) is sharp. For each�, 0 < ��1, suppose that
f�(x) is a continuous function which is equal to zero in[0, 1− q] and[1− q2, 1], equal to
(x − (1− q))� in [1− q, 1− q + q(1− q)/2], and linear in the rest of[0, 1]. Then

�(f�, t) � t�,

and

‖Bn,q(f�) − B∞,q(f�)‖ � q�n‖pn1(q; ·)‖ � q�n.

The proof of Theorem 1 is complete.�

Denote by�(f, t)[1−q,1] the modulus of continuity on the interval[1− q, 1], that is,
�(f ; t)[1−q,1] = sup

|x−y| � t
x,y∈[1−q,1]

|f (x) − f (y)|.

Then we have

‖Bn,q(f ) − B∞,q(f )‖ � qn ‖f ‖ + �(f, qn)[1−q,1]. (2.10)

In fact, if we take continuous̃f = f on [1 − q, 1]⋃{ 0 } and linear on[0, 1 − q], we
getBn,q(f ) = Bn,q(f̃ ) andB∞,q(f ) = B∞,q(f̃ ). At the same time�(f̃ , t) � ‖f ‖ t +
�(f, t)[1−q,1]. By (1.4) we get (2.10).

Remark 2. From the proof of Theorem 1, we know that the rate of convergence forq-
Bernstein polynomialsBn,q(f, x) depends only on the smoothness of the functionf (x) at
the points 1− qk, k = 1,2, · · · (from the right), and atx = 1.

Proof of Theorem 2. Since�(x�, t)[1−q,1] � t holds for each� > 0, � �= 1, by (2.10) we
obtain that

‖Bn,q(t�) − B∞,q(t�)‖ � qn.

Now we prove the lower estimates of‖Bn,q(t�)−B∞,q(t�)‖ for all � > 0, � �= 1. From
the formulas (7.61) and (7.62) in [7, p. 270], we know iff is a convex (concave) function,
then the sequence{Bn,q(f, x)} is decreasing (increasing) for eachx ∈ [0, 1], and also

|Bn,q(f, x) − Bn+1,q(f, x)| =
n∑

k=1

|ank(f )| pn+1k(q; x),

where

ank(f ) = [n + 1− k]
[n + 1] f

( [k]
[n]
)

+qn+1−k [k]
[n + 1]f

( [k − 1]
[n]

)
−f

( [k]
[n + 1]

)
.

(2.11)

Since the functionsx� are concave for all 0< � < 1 and convex for all� > 1, then for all
� > 0, � �= 1 we get

|Bn,q(t�, x) − B∞,q(t�, x)|� |Bn,q(t�, x) − Bn+1,q(t
�, x)|� |an1(t

�)| pn+11(q; x).

(2.12)
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It follows from (2.11) that

q−n|an1(x
�)|

= q−n

∣∣∣∣ [n]
[n + 1]

( [1]
[n]
)�

−
( [1]

[n + 1]
)�∣∣∣∣ = q−n

[n + 1]
∣∣∣ [n]1−� − [n + 1]1−�

∣∣∣
= q−n

[n + 1]
∣∣∣ (1− �) �−� ( [n] − [n + 1])

∣∣∣ (where� ∈ ([n], [n + 1]))

= 1− q

1− qn+1

∣∣∣ (1− �)�−�
∣∣∣ → (1− q)1+� |1− �| as n → ∞, (2.13)

where in the last equality, we use the fact that�−1 → 1− q asn → ∞. From (2.12) and
(2.13) we conclude that

‖Bn,q(t�) − B∞,q(t�)‖� |an1(x
�)| ‖ pn+11(q; ·)‖ � qn.

The proof of Theorem 2 is finished.�
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